Abstract. We give explicit formulas for the ranks of the third and fourth homotopy groups of all oriented closed simply connected four-manifolds in terms of their second Betti numbers. We also show that the rational homotopy type of these manifolds is classified by their rank and signature.
Introduction
In this paper we consider the problem of computation of the rational homotopy groups and the problem of rational homotopy classification of simply connected closed four-manifolds. Our main results could be collected as follows. The stated results are new, although as it will be clear later, we obtained them easily by known methods. Namely, as far as we know, they can not be found in the well known publications presenting the results on topology of four-manifolds [10] , [6] , [3] , nor in those presenting the results on application of rational homotopy theory [5] .
Some applications.
Remark 4. The first four-manifolds we would like to apply Theorem 1 are homogeneous spaces. For them the ranks of the homotopy groups are already well known. More precisely, simply connected four dimensional Riemannian homogeneous spaces are classified in [7] and the only such ones are R 4 , S 4 , CP 2 , S 2 × S 2 , R × S 3 and R 2 × S 2 .
Example 5. A smooth hypersurface S d in CP 3 is the zero set of a homogeneous polynomial of degree d in four variables. It is simply connected and b 2 (S d ) = d(6 − 4d + d 2 ) − 2, see [14] . Thus, for d = 1, using Theorem 1, we get
Example 6. It is known, see [14] , that S 4 is an example of a K3 surface and, thus, rk π 2 (K3) = 22, rk π 3 (K3) = 252, rk π 4 (K3) = 3520 .
The same is also true for the ranks of homotopy groups of any logarithmic transform L a (m)L b (n)(S) of an elliptic K3 surface S, where m and n are odd and relatively prime. This follows from the results of Kodaira [8] , since he proved that such surfaces are (and only them) homotopy K3 surfaces.
Example 7. Let us consider complete intersection surfaces, i.e., surfaces M in CP n+2 which are transversal intersections of n hypersurfaces Y 1 , . . . , Y n that are smooth at the points of intersections. If deg
is said to be the type of M and M is usually denoted by S(d 1 , . . . , d n ). Then, see [14] , M is simply connected and
Theorem 1 implies that for e(M) ≥ 4 rk π 2 (M) = e − 2, rk π 3 (M) = e(e − 3) 2 , rk π 4 (M) = e(e − 2)(e − 4) 3 .
1.2.
The method of the proof. Our proof is based on Sullivan's minimal model theory. It is a well known that Sullivan's minimal model of a simply connected space X of finite type contains complete information on the ranks of its homotopy groups, and furthermore classifies its rational homotopy type. If the space X is formal in the sense of Sullivan, then its minimal model coincides with the minimal model of its cohomology algebra. By [11] all closed oriented simply connected four-manifolds are formal, and, thus, their cohomology algebra contains complete information on their rational homotopy. Following this, in Section 2 we first recall some results on real cohomology structure of simply connected closed four-manifolds and then in Section 3 state the necessary background from Sullivan's minimal model theory and prove Theorem 1 and Proposition 2. In Section 4 we prove Theorem 3.
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2. Real cohomology structure of closed oriented simply connected four-manifolds
We denote by M a closed oriented simply connected topological fourmanifold. The symmetric bilinear form
is called the intersection form of M. Poincaré duality implies that (for b 2 = 0) the form Q M is non-degenerate, and, furthermore, it is unimodular (det Q M = 1). For simplicity, we will denote the cup product a ∪ b by ab below.
The intersection form Q M can be diagonalised over R, with ±1 as the diagonal elements. Following standard notation (which comes from Hodge theory in the smooth case), we denote by b Using the intersection form one can easily get an explicit description of the real cohomology algebra of a closed oriented simply connected four-manifold.
/relations , where deg x i = 2 and the relations are as follows:
Proof. We recall here the standard proof. Let x i , 1 ≤ i ≤ b 2 , be the cohomology classes in H 2 (M, R), representing the basis in which the intersection form Q M is diagonalisable. This means that
Denote by V the generator in
For b 2 = 0 or b 2 = 1, obviously M has the following cohomology structure.
Lemma 9. Let M be a closed oriented simply connected four-manifold.
•
, where deg x = 2 and
, where deg x = 4 and x 2 = 0.
Remark 10. As we will see in Section 4, the above statements on the cohomology structure of four-manifolds are true over Q as well. But, it will be clear from below, that for the purpose of computation of the ranks of the homotopy groups or determining formality, it is sufficient to work with real coefficients.
3. The ranks of the homotopy groups of closed oriented simply connected four-manifolds 3.1. General remarks. We refer to [5] for a comprehensive general reference for rational homotopy theory.
which induces an isomorphism in cohomology.
Let X be a simply connected topological space of finite type. We define the minimal model µ(X) for X to be the minimal model for the algebra A P L (X). One says that two simply connected spaces have the same rational homotopy type if and only if there is a third space to which they both map by maps inducing isomorphism in rational cohomology. Then the following facts are well known. The minimal model µ(X) of a simply connected topological space X of finite type is unique up to isomorphism (which is well defined up to homotopy), it classifies the rational homotopy type of X and, furthermore, it contains complete information on the ranks of the homotopy groups of X. More precisely,
where by µ + (X) we denote the elements in µ(X) of positive degree and · is the usual product in µ(X). One says that X is formal in the sense of Sullivan if its minimal model coincides with the minimal model of its cohomology algebra (H * (X, Q), d = 0) (up to isomorphism). It follows that, in the case of formal simply connected topological spaces of finite type, we can get the ranks of their homotopy groups from their cohomology algebras, by some formal procedure. This formal procedure is, in fact, a procedure of constructing of the minimal model for the corresponding cohomology algebra.
Remark 11. For some spaces with special cohomology one can easily compute their minimal models. Namely, using the terminology of [1] , one says that X has good cohomology if
where the polynomials P 1 , . . . , P k are without relations in Q[x 1 , . . . , x n ] (i.e. P 1 , . . . , P k is a Borel ideal). Then in [1] it is proved that such a space X is formal and its minimal model is given by
Clearly, (6) implies that these spaces are rationally elliptic, i. e. dim π * (X)⊗ Q < ∞.
Unfortunately, most of four-manifolds (or precisely those with b 2 > 2) do not have good cohomology.
But, the results stated in the above Remark are, in fact, consequences of a general procedure for the construction of the minimal model for a simply connected commutative differential N-graded algebra. This procedure is given by the proof of the theorem which states the existence (and also the uniqueness up to isomorphism) of the minimal model for any such algebra. We will briefly describe this procedure here, since we are going to apply it explicitly. 
where L(u i , v j ) denotes the vector space spanned by the elements u i and v j corresponding to y i and z j respectively. The latter are given by
Then we have that m k (z j ) = dw j for some w j ∈ A and the homomorphism m k+1 is defined by m k+1 (u i ) = y i , m k+1 (v j ) = w j and du i = 0, dv j = z j .
Remark 12. In general, for a simply connected topological space X we have that A = A P L (X) and, obviously, by (6), we see that rk π k+1 (X) is the number of generators in the above procedure we add to µ k (X), in order to obtain µ k+1 (X) .
Note that for a formal X, the algebra µ(X) ⊗ Q k coincides with the minimal model of the cohomology algebra (H * (X, k), d = 0) for any field k of characteristic zero. The converse is also true. If there exists a field k of characteristic zero for which µ(X) ⊗ Q k is the minimal model for the cohomology algebra (H * (X, k), d = 0), then X is formal.
Remark 13. Obviously, (6) implies that for the purpose of calculating the ranks of the homotopy groups of X we can use µ(X) ⊗ Q R as well.
In the case of formal X it means that we can apply the above procedure to H * (X, R).
3.3.
Computation of the ranks of the homotopy groups. Before we proceed to the computation of the ranks of the low degree homotopy groups of four-manifolds, let us note the following important facts.
Remark 14. All closed oriented simply connected four-manifolds with b 2 > 2 are rationally hyperbolic, i.e. dim π * (M) ⊗ Q = ∞. One can see that using the fact that for M rationally elliptic must be satisfied 2k rk π 2k (M) ≤ dim M (see [5] ). Then from Hurewicz isomorphism it follows that 2b 2 ≤ dim M. In particular, it implies that for b 2 > 2 these spaces do not have good cohomology.
Remark 15. All closed oriented simply connected four-manifolds are formal in the sense of Sullivan. One can see it using the results of [11] which say that any compact simply connected manifold of dimension ≤ 6 is formal.
The Remarks 14 and 15 together with Procedure 3.2 for minimal model computation and the knowledge of cohomology structure of fourmanifolds, make us possible to prove the Theorem 1.
Remark 16. Note that, using Hurewicz isomorphism, we already know that rk π 2 (M) = b 2 .
Proof of the Theorem 1. Because of formality the minimal model of a closed oriented simply connected four-manifold M is the minimal model of its cohomology algebra. Therefore, to compute the minimal model µ(M) ⊗ Q R, we can apply Procedure 3.2 to the algebra (A, d) = (H * (M, R), d = 0). For simplicity we denote µ(M) ⊗ Q R by µ(M) and H * (M, R) by H * (M) below. As stated in the theorem we distinguish the following cases. 
Thus, π p (M) are finite for p = 2, 3 and i , x i x j are linearly independent, we obtain that
In order to continue this procedure, let us note the following. For
We get this from (7) using the following two observation.
First, (9) implies that Ker m
, it follows that, for k ≥ 3, there are no y i 's in (8) . Thus, in order to construct µ 4 (M), we need to find the basis for H 5 (µ 3 (M)). Since in µ 3 (M) we have no nontrivial 5 dimensional coboundaries, this is equivalent to finding the basis for the 5 dimensional cocycles in µ 3 (M). Any cochain of degree 5 in µ 3 (M) is of the
= 0 gives rise to the following system of linear equations (respectively).
The number of variables in the above system is
. By the inspection one sees that the equation (10) variables. Thus, the dimension of the solution space for the above system is
. So, at this step in the construction of the minimal model, we extend µ 3 (M) by adding the generators
of degree 4, i. e.
S. TERZIĆ
The differentials dw k are given by some basis for the solution space of the above system. Thus, we have
One can continue the above procedure for the construction of the minimal model and calculation the ranks of the homotopy groups, but it is obvious that at each step the vector space H k+2 (µ k (M), d) for which we want to get a basis becomes bigger and more complicated. Clearly, rk π k+1 (M) is given by the dimension of the H k+2 (µ k (M), d) and it is some polynomial P k+1 (b 2 ) in b 2 (M). In order to continue the process we need to have a basis for H k+2 (µ k (M), d) as well.
Remark 17. On each step in construction of the minimal model we should solve some system of linear equations, whose dimension of the solution space determines the number of generators of corresponding degree in the minimal model and the differentials for these generators are given by some solution of that system. The calculation procedure done in the proof of Theorem 1 suggests that the dimension of the solution space for such system does not depend on the signature of the manifold, but only on its rank, while its explicit solution does. In other words, it suggests that the ranks of the homotopy groups of simply connected four-manifold are completely determined by the rank of its intersection form. Our attempt to obtain explicit proof for it following the proof of Theorem 1 involved complicated calculations, which we were not able to carry out.
Remark 18. Note that for a simply connected topological space X of finite type and finite rational Lusternik-Schnirelman category, hyperbolicity of X implies that its rational homotopy groups grow exponentially ( so called rational dichotomy, [4] ). This explains why one should expect the computations in the above procedure to be more and more complicated. This also gives that we can not expect to control the degrees of the polynomials P k (b 2 ) with the growth of k.
Proof of the Proposition 2. If we continue the procedure we started with in the proof of Theorem 1, we need to extend µ 4 (M) by adding generators of degree 5 that correspond to basis of H 6 (µ 4 (M)). First note that any cocycle of degree 6 in µ 4 (M) is cohomologous to the cocycle of the form
To simplify the calculations we can assume that b + 2 is also 3, since it is clear that the dimension of the solution space for the equation d(c) = 0 is determined by its intersection form over Q. It follows that the rational homotopy type of a closed oriented simply connected four-manifold is classified by its intersection form over Q. In other words, two closed oriented simply connected four-manifolds have the same rational homotopy type if and only if their intersection forms are equivalent over Q. Using the Hasse-Minkowski theorem one can see that any quadratic form over Q which has integral unimodular lattice is equivalent (over Q) to some diagonal form with ±1 diagonal elements [12] . It follows that two intersection forms are equivalent over Q if and only if they have the same rank and signature.
By a result of Pontryagin-Wall (see [10] ), the homotopy type of a simply connected closed oriented four-manifold is determined by its intersection form.
Thus, for closed oriented simply connected four-manifolds, we have the following homotopy type classification.
(1) Rational homotopy type ∼ rank and signature .
(2) Homotopy type ∼ intersection form . Note that not every homotopy type of a closed oriented simply connected four-manifold can be realised by a such smooth manifold. Namely, by a result of Freedman [6] , for any unimodular symmetric bilinear form Q there exists a closed oriented simply connected fourmanifold having Q as its intersection form. On the other hand the theorems of Rokhlin [13] and Donaldson [2] give the constraints on the intersection form of smooth four-manifold. This implies the existence of the intersection forms (like E 8 ) which can not be realised by some smooth four-manifolds.
We see that, in contrast to homotopy type, every rational homotopy type of closed oriented simply connected four-manifolds has a smooth representative. More precisely, any closed oriented simply connected four-manifold is rationally homotopy equivalent to a connected sum of CP 2 's and CP 2 's.
Remark 19. One can define R-homotopy type of a simply connected space X of a finite type to be the equivalence class of the algebra µ R (X) = µ(X) ⊗ Q R, where µ(X) is the minimal model for X, see [9] . Then obviously we have that two spaces have the same R-homotopy type if and only if their minimal models are equivalent over R. Theorem 3 implies that in the class of closed oriented simply connected four-manifolds there is no difference between the rational and the real homotopy types.
Remark 20. Note that, in general, in the class of simply connected spaces of finite type we have strict inclusion among the spaces having the same rational and the same real homotopy type. To see that it is enough to construct two minimal algebras starting from two rational quadratic forms which have the same rank and signature, but which are not equivalent over the rationals. Since for any minimal algebra µ over Q there exists the simply connected space of finite type having µ as its minimal model, we get on this way two simply connected spaces of finite type which have the same real but different rational homotopy type.
